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ฏۉɼࢄ

ฏۉʢඪຊฏۉʣ X̄ =
1

n
Xi

• ूஂͷฏۉʢฏۉʣµ Λਪఆ͢Δͷʢਪఆྔʣ

• ΊΔٻΛۉΛਪఆ͢ΔͨΊʹඪຊฏۉΕɼฏ͍͑ݴ

ࢄʢඪຊࢄʣ S2 =
1

n
(Xi − X̄)2

• ूஂͷࢄʢࢄʣσ2 Λਪఆ͢Δͷʢਪఆྔʣ

• ΊΔٻΛࢄΛਪఆ͢ΔͨΊʹඪຊࢄΕɼ͍͑ݴ
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தԝͱඪຊதԝ

標本中央値

0.5 0.5

母中央値
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࠷සͱඪຊ࠷ස
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ཧ౷ֶܭͰ

• ͋ΔύϥϝʔλΛਪఆ͢ΔͨΊͷਪఆྔແʹ͋Δ

• ͦͷ͏ͪͲΕΛ༻͍ΔͱΑ͍͔Λ༷ʑͳࢦඪͰධՁ͢Δ

ฏۉ µ = E(X) ͷਪఆྔͷදྫ

• ඪຊฏۉ X̄ =
1

n

n∑

i=1

Xi ෆภੑ Ұகੑ ༗ޮੑ

• τϦϜฏۉ ϩόετੑ

ࢄ σ2 = V (X) = E[(X − µ)2] ͷਪఆྔͷදྫ

• ඪຊࢄ S2 =
1

n

n∑

i=1

(Xi − X̄)2 Ұகੑ

• ෆภࢄ U2 =
1

n− 1

n∑

i=1

(Xi − X̄)2 ෆภੑ Ұகੑ UMVU
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Ҏ্Λ౿·͑ͯ

தԝɼ࠷සɼ࢛ҐͳͲूஂͰͷΛਪఆ͢Δͷ

• ਪఆྔ͕ෳଘ͢ࡏΔͷࣗવ
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⇒ தֶ 2ͷஈ֊Ͱूஂͱඪຊʹ͍ͭͯະֶश

• Λ͏͜ͱͷཧղ͍ࠩ͠ޡ
• ɾֶߍֶߴ IͷԾઆݕఆͰͷཧղ͕େࣄ✞ ☎

✝ ✆

1. ʮ͜ͷ࢛͕ࣜࢉܭҐͰ͋Δʯͱ͍͏Α͏ͳݻఆͷఆٛΛԡ͠
͚ΔΓํආ͚Δ͖

2. ʮूஂΛ࢛͢ΔΛ࢛ҐͱݺͿɽͦΕΛσʔλ͔Βࢉܭ
͢Δํ๏͍͔ͭ͋͘Δ͕ɼ͜͜Ͱ؆қతͳ͜ΕΛ༻͍Δɽ͜
Μͳ͜ͱ͕ಡΈऔΕΔΑʯͱ͍͏ࢦಋΛ͖͢
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Ґͷఆ࢛ٛ

Ґ

X: ྦྷੵؔ F (x) = P (X ≤ x) Λͭ֬ม

pҐʢԼଆ 100p ύʔηϯτʣ

Q(p) = F−1(p) = inf{x : F (x) ≥ p}, 0 ≤ p ≤ 1

p

F−1(p)
●

● ●

● ●

●

p

F−1(p)
●

● ●

● ●

●

p

F−1(p)

ਖ਼mʹର͠ɼi = 1, . . . ,m− 1 ʹର͢Δ i/m ҐΛɼ
m ΛࣈͰදͯ͠هୈ i m Ґͱ͍͏
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࢛Ґ

Ґ࢛

• ୈ Ґ࢛1 Q1 = Q(1/4)

• ୈ Ґ࢛2 Q2 = Q(2/4) = Q(1/2) = தԝ

• ୈ Ґ࢛3 Q3 = Q(3/4)

ूஂ F (x) ʹΑͬͯҰҙʹఆ·Δ

0.25 0.25
Q1 Q3

pn
or
m(
x)

1/4

3/4

Q1 Q3
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ͳ࢛ͥҐΛ͑ߟΔͷ͔

ύϥϝτϦοΫͳੳ

• ूஂʹਖ਼نͳͲಛఆͷΛԾఆ

• ඪຊ͔ΒɼฏۉɼࢄͳͲͷύϥϝʔλΛਪଌ

ϊϯύϥϝτϦοΫͳੳ

• ूஂʹԾఆΛஔ͔ͳ͍
• ͷܗಛੑΛ༷ʑͳํ๏ͰΔ

• தԝɿͷதԝͷҐஔ
• සɿͷϐʔΫ࠷
• Ґɼ࢛ҐɿͷܗϘϦϡʔϜκʔϯ
• ີਪఆɿͷܗ
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ඪຊҐ

• X1, . . . , Xn: F (x) ͔Βͷແ࡞ҝඪຊ

⇒ X(1), . . . , X(n): X1, . . . , Xn ͷॱং౷ྔܭ
(X(1) ≤ · · · ≤ X(n))

ඪຊ pҐ

• ओʹॱং౷ྔܭΛ༻͍ͯҐ Q(p)Λਪఆ

• ଟ͘ͷͷҎԼͷܗ

Q̂(p) = (1− ε)X(j) + ϵX(j+1)

ྡ͢Δ 2ͭͷॱং౷ྔܭͷઢؒิܗ

Hyndman & Fan (1996): 9छྨͷਪఆྔΛ 6ͭͷ؍͔Βൺֱ
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͞·͟·ͳඪຊ࢛Ґ

Langford (2006): 15छྨͷਪఆྔ

• ඪຊ p Ґͷ p = 1/4, 3/4 ͷ߹Λ༻͍Δ͜ͱ͕Մ

ྦྷੵؔʹํͮ͘ج๏

Ґ࢛ҐͷཁྖͰඪຊ࢛ɼͯͬࢥؔΛྦྷੵؔͱݧܦ
ඪຊ࢛Ґ Q̂1, Q̂3 ΛఆΊΔํ๏ɽ
n = 4j + r, r = 0, 1, 2, 3 ͷͱ͖

Q̂1 = X(⌈n/4⌉) =

{
X(j) r = 0

X(j+1) r = 1, 2, 3

Q̂3 = X(⌈3n/4⌉) = X(3j+r)
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͞·͟·ͳඪຊ࢛Ґ

ྦྷੵؔʹํͮ͘ج๏ͷվྑʢCDFʹͮ͘جਪఆྔʣ
n = 4j ͷͱ͖ʹதԝʹमਖ਼ɽ

Q̂1 =

{
1
2X(j) +

1
2X(j+1) r = 0

X(j+1) r = 1, 2, 3

Q̂3 =

{
1
2X(3j) +

1
2X(3j+1) r = 0

X(3j+r) r = 1, 2, 3

●

●

●

●

●

●

●

●

●

●

●

●

●

Q1
n ≠ 4j

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

Q1
n = 4j

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

Q1
修正した場合

23 / 43

͞·͟·ͳඪຊ࢛Ґ

Mathematica ͷਪఆྔ
p = 1/4, 3/4 ʹରͯ͠ʮnp+ 0.5 ൪ʯͷॱং౷ྔܭͱ͢Δํ๏ɽ

ʲྫʳσʔλ͕ {1, 2, 3, 4, 5} ͷͱ͖ɼ5× 1/4 + 0.5 = 1.75 ΑΓ

Q̂1 =
1

4
X(1) +

3

4
X(2) = 1.75

Excel ͷ QUARTILE.EXC ؔ MINITAB ͷਪఆྔ
ʮ(n+ 1)p൪ʯͷॱং౷ྔܭͱ͢Δํ๏ɽ

Excel ͷ QUARTILE.INC ؔ R ͷσϑΥϧτͷਪఆྔ
ʮ(n− 1)p+ 1൪ʯͷॱং౷ྔܭͱ͢Δํ๏ɽ
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͞·͟·ͳඪຊ࢛Ґ

Excel ͷ QUARTILE.EXC ؔ MINITAB ͷਪఆྔ
n = 4j + r, r = 0, 1, 2, 3 ͷͱ͖

Q̂1 = (1− ε)X(⌈(n+1)/4⌉) + εX(⌈(n+1)/4⌉+1)

=

{
(1− ε)X(j) + εX(j+1) r = 0, 1, 2

(1− ε)X(j+1) + εX(j+2) r = 3

Q̂3 = (1− δ)X(⌈3(n+1)/4⌉) + δX(⌈3(n+1)/4⌉+1)

= (1− δ)X(3j+r) + δX(3j+r+1)

͜͜Ͱ ε, δ  ⌈ ⌉ ͷͷখ෦:

ε =
n+ 1

4
−
⌈
n+ 1

4

⌉
,

δ =
3(n+ 1)

4
−
⌈
3(n+ 1)

4

⌉

25 / 43

͞·͟·ͳඪຊ࢛Ґ

Tukey ͷώϯδ

• ඪຊதԝΛؚΉલͷσʔλͷதԝɼޙͷσʔλͷதԝ

• ࢛Ґͷਪఆྔͱͯ͠༻͍Δ͜ͱ͋Δʢinclusive ͳਪఆྔʣ

X (1) X (2) X (3) X (4) X (5) X (6) X (7) X (8) X (9) X (10) X (11) X (12) X (13)
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X (1) X (2) X (3) X (4) X (5) X (6) X (7) X (8) X (9) X (10) X (11) X (12) X (13)

X (1)

X (2)

X (3)

X (4)

X (5)

X (6)

X (7)

X (8)

X (9)

X (10)

X (11)

X (12)

X (13)

中央値
↑

下ヒンジ
↑

上ヒンジ
↑
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͞·͟·ͳඪຊ࢛Ґ

X (1)

X (2)

X (3) X (4)

X (5)

X (6) X (7)

X (8)

X (9)X (10)

X (11)

X (12)

n = 12

中央値
↑

下ヒンジ
↑

上ヒンジ
↑

X (1)

X (2)

X (3)

X (4)

X (5)

X (6)

X (7)

X (8)

X (9)

X (10)

X (11)

X (12)

X (13)

n = 13

中央値
↑

下ヒンジ
↑

上ヒンジ
↑

X (1)

X (2)

X (3)

X (4)

X (5)

X (6)

X (7)X (8)

X (9)

X (10)

X (11)

X (12)

X (13)

X (14)

n = 14

中央値
↑

下ヒンジ
↑

上ヒンジ
↑

X (1)

X (2)

X (3)

X (4)X (5)

X (6)

X (7)

X (8)

X (9)

X (10)

X (11)X (12)

X (13)

X (14)

X (15)

n = 15

中央値
↑

下ヒンジ
↑

上ヒンジ
↑
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͞·͟·ͳඪຊ࢛Ґ

Ґ࢛ͷߍֶߴ

• ඪຊதԝΛؚ·ͳ͍લͷσʔλͷதԝɼޙͷσʔλͷதԝ

• exclusive ͳਪఆྔ

n = 4j + r, r = 0, 1, 2, 3 ʹରͯ͠

Q̂1 =

{
1
2X(j) +

1
2X(j+1) r = 0, 1

X(j+1) r = 2, 3

Q̂3 =

{
1
2X(3j+r) +

1
2X(3j+r+1) r = 0, 1

X(3j+r) r = 2, 3
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͞·͟·ͳඪຊ࢛Ґ

֤σʔληοτͷ (Q̂1, Q̂3)

ਪఆྔ {1, 2, 3, 4} {1, 2, 3, 4, 5} {1, 2, . . . , 6} {1, 2, . . . , 7}
inclusive (1.5, 3.5) (2, 4) (2, 5) (2.5, 5.5)

exclusive (1.5, 3.5) (1.5, 4.5) (2, 5) (2, 6)

CDF (1.5, 3.5) (2, 4) (2, 5) (2, 6)

Mathematica (1.5, 3.5) (1.75, 4.25) (2, 5) (2.25, 5.75)

QUARTILE.EXC (1.25, 3.75) (1.5, 4.5) (1.75, 5.25) (2, 6)

R ͷσϑΥϧτ (1.75, 3.25) (2, 4) (2.25, 4.75) (2.5, 5.5)
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ඪຊ࢛ҐͷධՁ

࣮ݧ 1

• ਖ਼ن N(50, 102) ͔Βେ͖͞ n = 8, 9, . . . , 20, 30, 40 ͷσʔλ
ηοτΛൃੜʢ1,000,000ճʣ

• ࢛Ґ Q1 ≈ 43.2551, Q3 ≈ 56.7449 ͔Βͷඪຊ࢛Ґͷฏۉ
తͳζϨʢόΠΞεʣΛࢉܭ

Bias(Q̂j) = E(Q̂j)−Qj

• ʢόΠΞε͕ͳ͍ਪఆྔΛෆภਪఆྔͱ͍͏ʣ
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࣮ݧ 1 ͷ݁Ռʢൈਮʣ

ୈ Ґ࢛1
n 8 9 10 11 12 13 14 15 16
inclusive 0.12 1.02 0.19 0.80 0.10 0.72 0.13 0.60 0.08

exclusive 0.12 −0.78 0.19 −0.54 0.10 −0.52 0.13 −0.41 0.08

CDF 0.12 1.03 0.19 −0.54 0.10 0.72 0.13 −0.41 0.08

Mathematica 0.12 0.12 0.19 0.13 0.10 0.13 0.09 0.08 0.05

QUARTILE.EXC −0.83 −0.78 −0.68 −0.54 −0.54 −0.52 −0.47 −0.41 −0.41

R 1.07 1.03 0.88 0.80 0.74 0.72 0.64 0.60 0.56

• n ͕େ͖͘ͳΔʹैͬͯόΠΞεݮগ

• inclusiveɼMathematicaɼR ୈ ҐΛաେਪఆ࢛1
• QUARTILE.EXCɼୈ ҐΛաখਪఆ࢛1
• exclusiveɼCDF  n ͷʹΑͬͯόΠΞεͷํ͕స͢Δ

• inclusiveɼexclusive  n ͷͱ͖ͷόΠΞε͕େ͖͍ح͕

• Mathematica όΠΞε͕͔ͳΓখ͍͕͞ɼn = 4j + 2 ͷͱ͖ʹό
ΠΞε͕एׯେ͖͍
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࣮ݧ 1 ͷ݁Ռʢൈਮʣ

ୈ Ґ࢛3
n 8 9 10 11 12 13 14 15 16
inclusive −0.12 −1.02 −0.18 −0.79 −0.09 −0.71 −0.12 −0.59 −0.07

exclusive −0.12 0.78 −0.18 0.55 −0.09 0.52 −0.12 0.41 −0.07

CDF −0.12 −1.02 −0.18 0.55 −0.09 −0.71 −0.12 0.41 −0.07

Mathematica −0.12 −0.12 −0.18 −0.12 −0.09 −0.10 −0.12 −0.09 −0.07

QUARTILE.EXC 0.83 0.78 0.68 0.55 0.55 0.52 0.47 0.41 0.41

Rɹ −1.07 −1.02 −0.88 −0.79 −0.73 −0.71 −0.64 −0.59 −0.56

• શମతͳୈ Ґͱ΄΅ಉ࢛͡1

• όΠΞεͷූ߸͕ͯ͢స

• n ͕େ͖͘ͳΔʹैͬͯόΠΞεݮগ
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࣮ݧ 2

• ਖ਼ن N(50, 102) ͓ΑͼҰ༷ U(0, 100) ͔Βେ͖͞ n = 10

ͷσʔληοτΛൃੜʢ1,000,000ճʣ

• ࢛Ґ Q1 ≈ 43.2551 ͔Βͷඪຊ࢛ҐͷόΠΞεɼඪ४ޡ
ࠩɼฏํࠜฏۉೋࠩޡΛࢉܭ

N(50, 102) U(0, 100)

Bias SE RMSE Bias SE RMSE
inclusive 0.188 4.185 4.189 2.258 12.847 13.040

exclusive 0.188 4.185 4.189 2.258 12.847 13.040

CDF 0.188 4.185 4.189 2.258 12.847 13.040

Mathematica 0.188 4.185 4.189 2.258 12.847 13.040

QUARTILE.EXC −0.677 4.085 4.141 −0.015 11.906 11.906

R 0.889 3.982 4.080 4.534 12.605 13.395

• ඪ४ࠩޡ RMSEͲͷํ๏Ͱ͋·ΓมΘΓ͕ͳ͍

• ਖ਼نͱҰ༷Ͱશ͘ҟͳΔ
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ۙతͳධՁ

Mudholkar and Huston (1997): QUARTILE.EXCͷۙόΠΞεͷಋग़

ۙόΠΞε

Bias(Q̂1) =
3Q′′

1

32n
+

B1(ε)

2048n2
+O(n−3),

Bias(Q̂3) =
3Q′′

3

32n
+

B3(δ)

2048n2
+O(n−3)

͜͜Ͱ

B1(ε) = 128 [8ε(1− ε)− 3]Q′′
1 + 64Q′′′

1 + 9Q(4)
1 ,

B3(δ) = 128 [8δ(1− δ)− 3]Q′′
3 − 64Q′′′

3 + 9Q(4)
3

•
1

n
ͷ߲ Q′′ ͷΈʹґଘ͢Δ

• ਖ਼نͷͱ͖ Q′′
1 < 0, Q′′

3 > 0 ΑΓόΠΞεͦΕͧΕෛɼਖ਼
• Ұ༷ͷͱ͖ɼQ′′

1 = Q′′
3 = 0 ΑΓۙόΠΞε n−2 ͷΦʔμʔ
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ۙతͳධՁ

ञંɾૣ࡚ʢߘ४උதʣ: exclusive ͳਪఆྔͷۙόΠΞε

ۙόΠΞεʢQ̂1ʣ

Bias(Q̂1)

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

8Q′
1+3Q′′

1
32n +

−512Q′
1+64Q′′

1 +112Q′′′
1 +9Q

(4)
1

2048n2 +O(n−3) n = 4j
3Q′′

1
32n +

−128Q′′
1 +64Q′′′

1 +9Q
(4)
1

2048n2 +O(n−3) n = 4j + 1
8Q′

1+3Q′′
1

32n +
−512Q′

1−192Q′′
1 +112Q′′′

1 +9Q
(4)
1

2048n2 +O(n−3) n = 4j + 2
3Q′′

1
32n +

−384Q′′
1 +64Q′′′

1 +9Q
(4)
1

2048n2 +O(n−3) n = 4j + 3

•
1

n
ͷ߲ Q′ ͱ Q′′ ʹґଘ͢Δ

• ਖ਼نͷͱ͖ɼQ′
1 > 0, Q′′

1 < 0 Ͱ͋Γɼn ͷͱ͖όΠΞεح͕
ফ͠߹͏ํ

• Ұ༷ͷͱ͖ɼQ′
1 > 0, Q′′

1 = 0 ΑΓɼQ′ ʹΑΓόΠΞε͕૿͑Δ
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ۙతͳධՁ

ۙόΠΞεʢQ̂3ʣ

Bias(Q̂3)

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

−8Q′
3+3Q′′

3
32n +

512Q′
3+64Q′′

3 −112Q′′′
3 +9Q

(4)
3

2048n2 +O(n−3) n = 4j
3Q′′

3
32n +

−128Q′′
3 −64Q′′′

3 +9Q
(4)
3

2048n2 +O(n−3) n = 4j + 1
−8Q′

3+3Q′′
3

32n +
512Q′

3−192Q′′
3 −112Q′′′

3 +9Q
(4)
3

2048n2 +O(n−3) n = 4j + 2
3Q′′

3
32n +

−384Q′′
3 −64Q′′′

3 +9Q
(4)
3

2048n2 +O(n−3) n = 4j + 3

ୈ Ґͱಉ༷ͷ࢛1
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͔͜͜ΒΘ͔Δ͜ͱ

QUARTILE.EXCͷਪఆྔʹ͍ͭͯ

• ਖ਼نͷͱ͖ Q1 ΛաখਪఆɼQ3 Λաେਪఆ

⇒ ਪఆ͘ҐൣғΛ࢛

• Ұ༷ͷͱ͖όΠΞεඇৗʹখ͍͞

exclusive ͳਪఆྔʹ͍ͭͯ

• ਖ਼نͷͱ͖ɼn ͳΒɼQ1ۮ ΛաେਪఆɼQ3 Λաখਪఆ

⇒ ਪఆ͘ڱҐൣғΛ࢛

QUARTILE.EXCΑΓόΠΞεͷઈରখ͍͞

• ਖ਼نͷͱ͖ɼn ͳΒɼQ1ح ΛաখਪఆɼQ3 Λաେਪఆ

⇒ ਪఆ͘ҐൣғΛ࢛

QUARTILE.EXCͱશ͘ಉ͡ਪఆ݁Ռ

• Ұ༷ͷͱ͖όΠΞε QUARTILE.EXCΑΓେ͖͍
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·ͱΊ

ຊڀݚͷ·ͱΊ

ͳ͍Α͏ɼ༰Λཧ͓͖͍ͯͨ͠ʂ͖ىͷࠞཚ͕ݱ αʔϕΠ

• ͳ࢛ͥҐͷఆ͕ٛෳ͋Δͷ͔
⇒ ࢛Ґͷਪఆྔ͕͍ͭ͘ఏҊ͞Ε͍ͯΔ͔Βɽn ͰׂΔࢄͱ

n− 1 ͰׂΔ͕͋ࢄΔͷͱಉ͡ɽ

• தֶߍɾߴֶߍͰѻ͍ͬͯΔͷҎ֎ʹͲͷΑ͏ͳͷ͕͋Δ͔ɼ
ͲͷΑ͏ͳҧ͍͕͋Δ͔

⇒ ώϯδ Excel ͷํ๏ͳͲհͨ͠ɽ

҆৺࢛ͯ͠ҐΛͯͬ΄͍͠ʂ ڀݚ

• ଞͷ࢛Ґͱൺͯ͠ࢉܭ͍͢ϝϦοτ͋Δ͕ɼଞʹϝϦο
τɼσϝϦοτͳ͍ͷ͔

⇒ όΠΞεͷઈରࣗମ Excel ͷͷΑΓখ͍͕͞ɼਖ਼ෛ͕ަޓʹདྷΔ
͜ͱʹҙɽ

• ͦͷଞؾΛ͚ͭΔ͖ͳ͍͔
⇒ ҐൣғΛ࢛ n ͕ҟͳΔ܈Ͱൺֱ͢Δͱ͖ʹଟগҙ͕ඞཁɽ

41 / 43

ͱ͍͑

• େࣄͳ͜ͱ࢛ҐͷࢉܭͰͳ͍

• େ·͔ʹͷܗঢ়ϘϦϡʔϜκʔϯͳͲΛಡΈऔΔͨΊʹ͏Θ
͚Ͱ͋Γɼ͔ࡉͳࣈͷҧ͍ΛͲ͏͜͏͍͏͖ͷͰͳ͍
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͍ͯͭʹޙࠓ

• Δʢinclusive͍ͯ͡ײҐʹ͍ͭͯҰఆͷ݁Λಘͨͱ࢛ ͳํ๏
ͳͲʹ͍ͭͯۙόΠΞεಘ͓͖͍͕ͯͨʣ

• ଞʹɼཧతʹཧ͓͖ͯ͘͠༰͕͋ΔͷͰͳ͍͔ʁ ౷ܭ
Ոͬͱ͔ͬ͠ΓͱؔΘΔ͖Ͱʁ

• ͢Ͱʹ͍͔ͭ͘ଞͷӃੜɼֶ෦ੜͨͪͱνϟϨϯδத
• Կ͔ٙʹ͡ײΔ͜ͱɼֶతʹཧ͓͖͍ͯͨ͜͠ͱͳͲ͋Ε͝ҙ
ʂ͍ͩ͘͞ݟ
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